Micromagnetic computational spectral mapping technique is applied to analyze the magnetic oscillation modes excited by either a microwave circularly polarized magnetic field or a spin polarized current flowing through Permalloy ͑Py͒ spin valves. A complete study has been carried out on multilayers Py͑10 nm͒ /Cu͑5 nm͒ /Py͑2.5 nm͒ with rectangular cross section ͑60ϫ 20 nm 2 ͒. The magnetic normal modes obtained agree with recent analytical spin wave models in patterned nanostructures. When both excitations, microwave field and spin polarized current, are applied at the same time a complex coupling process is observed. The detailed micromagnetic analysis of the coupling shows three different stages: ͑i͒ The initial stage in which the magnetic normal modes are dominant, ͑ii͒ an intermediate stage showing an incoherent behavior, and ͑iii͒ the final stage where a persistent domain wall oscillation is present. Micromagnetic spectral mapping technique is shown to be an adequate tool for describing the temporal evolution of the magnetization spatial patterns in nanostructures.
I. INTRODUCTION
Spin polarized current ͑SPC͒ driven magnetization dynamics in pillar nanostructures has been investigated intensively in the last years. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] The main interest of the researchers lies on the possibility of using the features of the SPCdriven magnetization dynamics for improving the technical characteristics of the magnetic random access memories, such as, switching time or energy losses. [3] [4] [5] [6] [7] On the other hand, SPC-driven magnetization dynamics also presents oscillatory states depending on the current and field applied. This fact is being used for producing tunable microwave nano-oscillators which, as it has been recently demonstrated by the experimenters, can be synchronized. 8, 9 In this context, understanding in detail the way in which these nanostructures behave at microwave frequencies and under the action of SPC torques is a crucial point. Some primary questions arise at once: Are the nanostructures always behaving as uniformly magnetized particles? If not, are there any normal modes of the system which are always present? Or perhaps incoherent behavior is the most important one leading the dynamics?
Since the nanosecond time-domain experimental technique with nanometer spatial resolution is not available at the moment, micromagnetic computations are an adequate technique in order to show the internal aspects of the nanostructure dynamics in the nanosecond regime. [10] [11] [12] [13] [14] [15] As pointed out by some recent studies, 16, 17 a complete micromagnetic analysis of the modes excited in nanostructures is a formidable computational task which requires an optimized micromagnetic and mathematical processing code.
In this work we will use our own three-dimensional ͑3D͒ micromagnetic code which has been developed over the last ten years. [18] [19] [20] This code allows us to compute the magnetostatic field, along the entire nanostructure. This code also allows us to compute the Ampere classical field produced by the current. This can be done for any pillar shape, by means of a tensor specifically developed to treat eddy current problems in micromagnetics. 21 Our micromagnetic technique can be applied to any shape and material. In previous works it has been used in a variety of nanopillars of Permalloy ͑Py͒ and Cobalt with different sizes and circular, elliptical, or rectangular cross sections. 15, 20, 22 Complete information about the dynamics induced by the coupling of low amplitude microwave magnetic fields and SPC can be predicted. In order to show in detail the inner magnetization dynamics in a single case, we will not present a systematic study in this paper, instead, we will focus on the Py nanostructure with a rectangular shape and the typical size used in the experiments. Simulations performed in different kinds of nanopillars provided similar qualitative behavior, but the rectangular shape was finally chosen in order to test our technique against recent analytical spin wave models in rectangular magnetic nanoelements. [23] [24] [25] Regarding the organization of the paper, in Sec. II the main features of the model and the spectral processing procedures are described. Section III presents the results obtained when ͑i͒ just microwave field is applied and ͑ii͒ when the SPC torque is also present. Finally Sec. IV includes a summary and our conclusions about the usefulness of this micromagnetic technique to analyze complex magnetization dynamics.
II. MODEL AND PROCESSING TECHNIQUES

A. Micromagnetic model
Our study will be focused on a pillar nanostructure similar to the one sketched in Fig. 1 . There are three rectangular layers ͑60 nmϫ 20 nm͒ of Py, Copper, and Py with a thickness of Py 10 nm/ Cu 5 nm/ Py 2.5 nm. The thick Py layer will be denoted as the "fixed layer" and its magnetization as P. While the thin Py layer will be called the "free layer" and its magnetization as M. Previous computations, 20 with just an external applied field, at room temperature showed that both are parallel ͑M parallel to P͒ and antiparallel states were metastable equilibrium states. The fixed layer was harder to switch, as was expected, due to its higher volume. No anisotropy is included as it corresponds to the Py nanostructures, the anisotropy present is simply induced by the shape due to the magnetostatic energy.
A complete description of our micromagnetic model can be found in previous works. 15, [18] [19] [20] [21] [22] We present, just as a brief summary to help the reader, a 3D time domain finite differences technique to be used. The sample is divided in prismatic cells and the magnetization is assumed uniform in each cell. The Landau-Lifshitz-Gilbert ͑LLG͒ equation is computed by adequate numerical techniques. 15, [18] [19] [20] [21] [22] In order to take into account the effect of SPC, an additional firstprinciples term as deduced by Slonczewski, 1 is added to the torque in the Gilbert equation. This term gives rise to two new terms in the equivalent LLG equation
where H eff is the effective field, ␥Ј= ␥ / ͑1+␣ 2 ͒, ␥ is the electron gyromagnetic ratio, M s is the saturation magnetization, and ␣ is the dimensionless damping parameter. Regarding the SPC term, B is the Bohr's magnetron, J is the current density, d is the thickness of the free layer, and e is the electron charge ͑positive scalar͒. The scalar function g͑M , P͒ was deduced by Slonczewski
with the polarizing factor, which for Py is = 0.3.
14 In the computations presented in this work, the effective field includes the following contributions:
such that H exch , H ext , and H M are the standard micromagnetic contributions from the exchange, external, and demagnetizing fields. H Amp and H MC are the Ampere field and the magnetostatic coupling ͑MC͒ field due to the fixed layer on the free layer. In this paper our aim is to study the dynamics of the free layer so that the MC has been calculated in 3D assuming the fixed layer was always saturated. Once the MC is calculated in 3D, our computations of the free layer were performed in two-dimensional ͑2D͒ with prismatic cells of 1.25ϫ 1.25 ϫ 2.5 nm size. This size is small enough to ensure enough precision in the solution according to the standard criterion in micromagnetics which consist on using cell sizes smaller than the exchange length ͑5.7 nm for Py 14 ͒. We have performed computational tests with cubic cells of 2.5 nm and the qualitative results were the same although some of the spatial modes would not have been detected, as will be shown in the results. Smaller cell sizes would not have a physical sense from the micromagnetic point of view because the number of ions in the cell would not be enough to define the magnetization as a continuum function, and then an atomic model would be required.
Regarding the time interval used for solving the LLG equation, ⌬t = 16.5 fs was used throughout the paper and damping constant was ␣ = 0.02. Smaller time steps were tested producing exactly the same solutions. All the results of the paper have been obtained without taking into account the effect of the temperature ͑i.e. , T =0 K͒. A detailed analysis of the modes at room temperature would require the solution of the stochastic Langevin-LLG equation and averaging over a sufficient number of realizations. Although this is possible with our code, 19 the computational effort would increase by the number of realizations ͑typically around one hundred͒. We have performed some tests at T = 300 K and qualitatively the results were similar to the ones shown here. No new normal modes were excited by the temperature, probably because the strength of the random room temperature thermal field is small compared to the other fields involved in our experiment. Another possible experiment would have been to set our sample in an equilibrium state and then try to excite the magnetic normal modes just by the temperature, with no other external fields present, but this would be the matter of a different work and then we could not study the effect of SPC on these modes.
B. Micromagnetic spectral mapping technique
In order to describe in detail the spatial dependence of the magnetic normal modes and compare them with analytical models, several authors have used quite similar techniques 16, 17 which could be called "micromagnetic spectral mapping techniques." The temporal evolution of the magnetization for each cell M͑r k , t͒ is stored for each time step ͑⌬t = 16.5 fs͒. In this way we have a record of the temporal evolution of the magnetization at each point and then it is possible to construct the local power spectrum for each cell. For the x component, by using a discrete Fourier transform, it would be
In order to obtain a general overview of the magnetization dynamics in the frequency domain, the averaged power spectrum is obtained by summing over every cell. ͑Note that is different from applying Fourier transform to the averaged magnetization.͒
This averaged power spectrum will present peaks corresponding to magnetic modes which arise, due to the fact that some cells are oscillating at the same frequency with measurable amplitude. The spatial configuration of the mode at the frequency of one peak ͑f peak ͒ is achieved by plotting ͑density plot, 3D͒ the power S͑r k , f peak ͒ of each cell at the frequency of the peak. In this way it is possible to check if it is a normal linear mode ͑spin waves͒ of the system which can even be described by analytical models or they are just magnetic nonlinear modes compatible with a maximum in the averaged power spectrum.
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III. RESULTS AND DISCUSSION
A. Excitation by a microwave circularly polarized field
We will begin by analyzing the modes excited by a circularly polarized microwave external field h y = h 0 sin͑2ft͒, h z = h 0 cos͑2ft͒ with h 0 =1 mT and f and f = 15.6 GHz together with an external static field H DC = 220 mTϫ u x applied both to an initial parallel state, no SPC current is present at the moment. These values have been chosen because of the coupling with small angle SPC oscillation as it will become apparent further in the discussion. The temporal evolution of the average magnetization y component is shown in Fig. 2 . Following the procedure previously described, the averaged power spectrum S ␤ ͑f͒ has been calculated for the three components ͑␤ = x , y , and z͒ as can be observed in Fig. 3 . Then, following again the spectral mapping technique we have plotted the intensity of the spectral power in each cell at the frequencies labeled in Fig. 3 . In this way we can see the spatial distribution of the mode at each peak frequency. The results are displayed in Fig. 4 .
The variation of My is around 3% ͑Fig. 2͒, therefore, in this case we are clearly dealing with a perturbation on the uniformly magnetized parallel state along x. This is the adequate scenario for defining magnetic normal modes, i.e., spin waves 23 
M͑r,t͒
where is a low amplitude spin wave propagating along x direction which solutions could be expressed as
being k x,y,z the wave vector components and 0 the spin wave amplitude. If we consider an infinite medium where just exchange is taken into account then the well-known quadratic dispersion relation ͑k͒ = ␥͑2A / 0 M s ͒k 2 is obtained. 23 On the other hand, and concerning the spin valve nanostructures studied here, it has been observed experimentally that the spin wave spectrum is quantized [24] [25] [26] [27] and some recent works have proposed analytical expressions for the dispersion relation based on different approximations. 24, 25 Although our micromagnetic model directly provides the spatial distribution of the magnetization at the frequency of the main modes, it is a good test for both analytical and micromagnetic models to compare their results. Since the free layer is thin enough ͑2.5 nm͒ and we have carried out 2D computations, in our case we are concerned only about the quantization of k x and k y ; k 2 = k x 2 + k y 2 ͑k z =0͒. Considering the dispersion relation for an infinite thin film 17 but including also the effect of external, magnetostatic and MC fields, we would have
where H M and H MC are calculated averaging spatially the micromagnetic fields of Eq. ͑3͒, A is the exchange constant, and N k = ͑1−e −kd ͒kd is a demagnetization factor which depends on k and film thickness d 17 . In order to compare with 
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the modes obtained in Fig. 4 , a first step would be to choose quantized wave vectors k nx = n x / L x and k ny = n y / L y with n xy =0,1,2... being L x , L y , and L z the dimensions of the free layer . The labels of the modes of Fig. 3 correspond to the indexes ͑n y , n x ͒, note that the power spectrum is squared ͓Eq.
͑4͔͒ so that the indexes are the number of half-wavelengths which fit in the nanostructure. The comparison of the micromagnetic modes to Eq. ͑8͒ is presented in Fig. 5 , good agreement is found taking into account that there is no free parameter to fit in Eq. ͑8͒. Although the modes observed in Fig. 4 seem to be basically unpinned ones ͑nonzero amplitude at the ends͒, a more sophisticated model, following Guslienko 24, 25 which includes dipolar pinning at the ends has been also tested. For rectangular magnetic elements, the quantization on x depends on the fulfillment of an integral quantization condition 25 and it would not be considered here, but the quantization of k y leads to an effective sample width L y,eff which results to be slightly larger than the real L y providing some space for the magnetization to reduce the magnetic pole density. 24, 25 According to these calculations
As it can be noted in Fig. 5 this model leads to very similar frequencies in the dispersion relation for our samples, in fact, the reduced size of our sample implies that the exchange interaction prevails over the magnetostatic one and then the quantization of Eq. ͑9͒ provides wavevectors very close to the naive election of k n,yx = n x,y / L x . It is also to be noted that the strong magnetostatic effect due to the reduced thickness of the free layer is taken into account in Eq. ͑8͒ by means of N k and also the magnetostatic field along x is computed in the contribution of H M and H MC , this is why an unpinned naive quantized election of the wavevectors agrees with the micromagnetic computation.
B. Coupling of spin-transfer torque to microwave circularly polarized field
After checking that our technique allows us to obtain the magnetic normal modes of the free layer in our spin valve, the coupling of the previously analyzed field to SPC small angle oscillations is addressed in this section. The problem is interesting also from the technological point of view since this coupling leads to an asymmetry of the magnetization oscillation and it can be used as a strategy to decrease the switching time in fast switching processes. 
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valve is under the action of an external field H DCx = 220 mT and a spin current J = −0.4ϫ 10 12 A/m 2 , the microwave field is the same reported in previous section. If just the SPC current is applied the variation of the magnetization is that shown in the top inset of Fig. 6 , the amplitude of the oscillation is extremely small ͑10 −7 ͒ and the main frequency of its spectrum is f = 15.6 GHz which is the frequency chosen for the microwave coupling signal. The normal modes excited are the same than for the microwave case ͑see Figs. 3-5͒ . The main mode is also ͑0,1͒, which is excited at the same frequency than in the microwave case. The behavior of the small oscillation has been checked to 130 ns, neither different modes nor chaotic behavior is present. Detailed information of the dynamic stability diagram, when just SPC is applied to this kind of nanostructure, can be found in Ref. 29 . In the bottom inset we have included the temporal evolution of the magnetization when just microwave signal is applied, in this case ͑see also Fig. 2͒ the amplitude is around 10 −2 . The temporal evolution of the coupling can be divided in three stages: ͑i͒ Initial stage ͑0-30 ns͒, ͑ii͒ intermediate stage ͑30-90 ns͒, and ͑iii͒ final stage ͑90-130 ns͒. The specific temporal intervals chosen are the ones in which micromagnetic spectral mapping technique has been applied. In fact the system continuously changes from small oscillation to a more incoherent behavior which becomes dominant from 50 ns and there is no a quantitative clear criterion to separate the stages. Computational trials have been performed considering the initial interval extended to 40 ns and the same results have been found for either the spatial distribution or the frequency of the modes. The following three intervals are analyzed in detail:
͑i͒ Initial stage ͑0-30 ns͒: In the initial nanoseconds of the computation the magnetic normal modes are still present. In fact we think that the coupling takes place through the mode ͑0,1͒, which is by far the most intense of all the modes found by the micromagnetic spectral technique when either the microwave signal or the SPC small angle oscillation are present separately. Following the same procedure of previous section of the paper, the spectrum is obtained and the same excited modes are presented ͑Fig. 4 compared to Fig. 7͒ . It can be observed how the spatial distribution of the modes is slightly deformed but still the normal structure is clearly detected. The ͑0,1͒ mode consists of small oscillations of the spins on the right and left boundaries of the nanostructure which turn together in phase as shown in the arrow plot of Fig. 8 ͑top͒. This mode is excited at 15.6 GHz when SPC is injected alone but when a microwave signal of that same frequency is also applied, then the angle of the small oscillation is augmented and the dynamics deviate from the small angle oscillation framework going into a different dynamic state ͑intermediate stage͒. Top inset presents the temporal evolution without microwave field in the first 5 ns. Bottom inset is the temporal evolution without current like in Fig. 2.   FIG. 7 . ͑Color online͒ 3D plot of the spatial modes obtained at the frequencies labeled in Fig. 3 under the same conditions of Fig. 6. ͑ii͒ Intermediate stage ͑30-90 ns͒: As shown in Fig. 6 the dynamics of the average magnetization seems quite incoherent. This can be checked looking at the arrow plots of the magnetization which presents very nonuniform patterns as shown in Fig. 8 ͑second from the top͒. If the temporal evolution of the spatial distribution of the magnetization is observed in detail, it results in being a complex dynamics between two metastable states which consists on the formation of a 360°oscillating domain wall either on the right or the left part of the nanostructure. Figure 9 shows the frequency spectrum in this stage, where the incoherence becomes apparent. Although there are some peaks clearly defined in the spectrum, no well defined spatial modes are obtained at those frequencies by means of the micromagnetic mapping technique. It is to be noted also that the frequency of the main peak of Fig. 9 is around 7.4 GHz which is not the frequency of the main normal mode ͑0,1͒. This is indicating that the nanostructure is migrating to a different oscillation dynamic mode that cannot be defined as a perturbation of the uniform mode, i.e., it is no longer a spin wave or a magnetic normal mode as defined by Eq. ͑6͒.
23 Figure 10 shows the variation of the average magnetization M z ͑M y ͒. The magnetization is oscillating between the two metastable states referred previously, until the magnetization falls in one of them ͑final stage͒.
͑iii͒ Final stage ͑90-130 ns͒: In this stage, the frequency spectrum is again coherent presenting well defined peaks as shown in Fig. 11 . After applying the micromagnetic mapping at the labeled frequencies, the spatial modes of Fig. 12 are obtained. The oscillation modes detected do not present the typical standing wavelike structure of the normal modes. This was to be expected since the magnetization pattern is nonuniform and cannot be treated as an spin wave. Analyzing the temporal evolution of the magnetization pattern in this case, it is observed that the magnetization dynamics involves the oscillation of a 180°domain wall in the right part of the nanostructure as shown in Fig. 8 ͑two bottom figures͒. The 3D plot of the average magnetization temporal evolution is presented in Fig. 13 . M x is always positive indicating that the wall oscillation takes place in the right part while M y and M z take positive and negative values revealing that the wall oscillates out of plane pointing up and down as shown in the arrow plots of Fig. 8 ͑two bottom figures͒. The main harmonic of the wall oscillation lies at 7.3 GHz and it correspond to the mode labeled "1" in Fig. 12 which shows maximum amplitude in the wall spatial location. The modes "2-4" are the higher order harmonics at 14.6, 21.9, and 29.2 GHz, their spatial distribution is complicated and it could be related to the dipolar spatial spreading of the wall oscillation. oscillation at the right part is related to the characteristics of the external actions exerted on the magnetization, for example, we have tested to change the sense of the microwave circular polarization and in that case the wall oscillation is carried out in the left part of the nanostructure. It is to be noted also that, from the standard micromagnetic point of view, 18 the size of the sample would be too small to allocate a 360°domain wall. However, it has to be taken into account that with the spin torque term in the LLG equation, the standard micromagnetic way of thinking is not correct and some configurations arise which would not be expected 13, 14 without the SPC term.
IV. SUMMARY AND CONCLUSIONS
The coupling of SPC oscillations to microwave circularly polarized magnetic field has been analyzed in detail both in the time and frequency domain.
͑i͒ The spatial distribution of the normal modes excited by the microwave field and the mixed modes excited by the combined action with the spin torque is reported. The mixed modes are excited at the same frequencies than the normal modes and their spatial distribution is just slightly perturbed in the first stage of the coupling.
͑ii͒ The frequency of the normal modes obtained by the micromagnetic spectral mapping technique is compared to recent analytical models. This is the first checking of this technique against these analytical models and represents an important step in the validation of both methods.
͑iii͒ In the last stage of the coupling, final persistent wall oscillation is found. This oscillation would give rise to an increase of the magnetoresistance signal in the multilayer which could be used to build microwave resonators. In this stage, it is shown how the usefulness of our technique goes beyond the normal modes and it can be a way of understanding persistent oscillation modes which present a coherent frequency spectrum.
